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Emergence of non-abelian gauge theories and the ER-EPR duality
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30 Reactorului St, Bucharest-Magurele, 077125, Romania
Making use of the emergence of an entangling gate from the Mayer Vietoris maps generating a
torus and employing the correspondence between quantum error correction codes and gauge sym-
metries I show that non-abelian gauge theories are related to the existence of entanglement. This
observation is based on the fact that string compactification on a torus provide non-trivial fluxes
(gaugings) when the twists are chosen such that the obtained torus matches the maps arising in
the Mayer-Vietoris theorem which result in entangling gates. This observation adds new indica-
tions towards the fact that low energy non-abelian gauge theories emerge from entanglement related
phenomena.
The observation that toroidal topology leads to entan-
gling effects has been shown in [1] following the obser-
vation by [2]. A typical error correction code consists
of several entangling gates protecting the information
stored in qubits from various types of deterioration. It
has been shown in [3] that there exists a dual relationship
between quantum error correction codes and the redun-
dancy offered by gauge invariance. The duality employed
in this context was holographic in nature. In this arti-
cle I will show that a dual relation between non-abelian
gauge theories and entanglement can be found by look-
ing at the ER-EPR correspondence instead. This rela-
tion implies however string compactification and brings
the high energy behaviour into focus. New deep con-
nections between quantum information theory and gauge
field theories have been the subject of extended research
in [5-10]. The subject is still developing considering the
fact that a better understanding of entanglement in the
context of quantum field theory is a relatively recent de-
velopment [11]. The study of the dictionary lying behind
the holographic duality has been under scrutiny since
the introduction of the AdS/CFT duality [12]. This has
led to a better understanding of the black hole informa-
tion problem [13], the introduction of precursor operators
[14] and the derivation of the entanglement entropy for-
mula in a holographic context by Ryu and Takayanagi
[15]. The study of entanglement in the context of the
holographic principle has led to additional quantum cor-
rections to this formula, as discovered in [16] and to a
new interpretation of those results from a topological per-
spective in [17]. On the other side, the research on the
newly formulated ER-EPR correspondence still waits for
a proper understanding of the underlying physics. While
there have been several attempts to implement an ER-
EPR dictionary following the model of the AdS/CFT
dictionary, the development is far less advanced. In
this article I propose a better understanding of entan-
glement in a string theoretical context by following the
Scherk-Schwarz compactification from the perspective of
the ER-EPR duality as derived by means of the Mayer-
Vietoris theorem [1]. The ER-EPR duality states that
a wormhole or a topologically non-trivial spacetime au-
tomatically entails entanglement. Considering that the
Scherk Schwarz compactification on a torus implies the
fact that several space directions become compact and
take the shape of a torus with non-trivial cycles, it ap-
pears that the ER-EPR duality may be applicable. The
surprising result is that the non-abelian gauge structure
of the effective theory must emerge from the intrinsic en-
tanglement entailed by the non-trivial topological struc-
ture of the compact spacetime directions. It is particu-
larly intriguing, albeit it is left for a future work, to un-
derstand similar entanglement-gauge connections in the
context of Calabi-Yau compactifications. Entanglement
as needed for quantum error correction codes offers pre-
cisely the type of redundancy required for understanding
the emergence of non-abelian gauge theories by means
of non-vanishing fluxes in torus compactification. The
main technique used here is the Scherk-Schwarz compact-
ification and the way in which geometric fluxes emerge
when it is employed. The underlying theory we start
with is supergravity albeit, I will also describe possible
non-geometric expansions in the context of double field
theory. Given the NS-NS sector of supergravity with the
D-dimensional metric gij , the 2-form field bij and a dila-
ton φ depending on D spacetime coordinates xi, we may
dimensionally reduce it to d = D − n dimensions result-
ing in some effective theory. In order to do this, we split
the coordinates, selecting which will correspond to com-
pact space dimensions and which will correspond to the
large effective theory dimensions. The notation used cor-
responds to [4] and is
xi = (xµ, ym) (1)
with m = 1, ..., n being the compact space dimensions
called internal, and µ = 1, ..., d are the spacetime direc-
tions in the effective theory, also called external. The
fields of the original higher-dimensional theory belong
to the representations of the symmetry groups of that
theory. The process of compactification decomposes the
original fields into the representations of the lower dimen-
2sional symmetry groups
gij =
(
gµν + gpqA
p
µA
q
ν A
p
µgpn
gmpA
p
ν gmn
)
(2)
and for the 2-form field
bij =
(
bµν − 12 (ApνVpν −ApνVpµ) +ApµAqνbpq Vnµ − bnpApµ
−Vmν + bmpApν bmn
)
(3)
The fields therefore will appear to be formed out of ex-
ternal, internal, and mixed components. The gauge pa-
rameters also do split
λi = (ǫµ,Λm), λ˜i = (ǫµ,Λm) (4)
A global shift symmetry of the type b→ b+v can simply
be gauged by allowing it to depend on the internal coor-
dinates v → v(y), and hence introducing the twists u(y)
and v(y). After finalisation of the compactification pro-
cedure the dependence on the internal coordinates will
disappear, yet the information on the twist will remain
in the form of structure-like constants in the effective the-
ory. To see the split between the internal (compact) and
external directions explicitly let me introduce the depen-
dence on the internal (compact) directions by means of
the functions u ma (y) and vmn(y) resulting in a re-writing
of the fields of the form
gµν = gˆµν(x), bµν = bˆµν(x)
Amµ = u
m
a (y)Aˆ
a
µ(x), Vmµ = u
a
m(y)Vˆaµ(x)
gmn = u
a
m(y)u
b
n(y)gˆab(x), bmn = u
a
m(y)u
b
n(y)bˆab(x) + vmn(y)
λi = (ǫˆµ(x), u ma (y)Λˆ
a(x)), λ˜i = (ǫˆµ(x), u
a
m (y)Λˆa(x))
(5)
and φ = φˆ(x) for the dilaton. The twist matrices are
taken to be constant in the external directions in order to
preserve Lorentz invariance in the effective action. The
hatted fields on the other side depend only on the ex-
ternal coordinates and correspond to dynamical degrees
of freedom in the effective action. The twists depend-
ing on the internal degrees of freedom on the other hand
will play a particularly important role in the context of
the ER-EPR duality as derived by means of the Mayer-
Vietoris theorem. Indeed, Mayer-Vietoris theorem shows
that when a torus is being constructed out of objects of
simpler cohomology, the maps patching those pieces to-
gether amount to the entangler gate. In the case of bipar-
tite entanglement the emerging entangler gate is partic-
ularly simple and will generate the standard Hadamard-
CNOT gate. It is well known that the quantum error
correction codes, from the simple 3-qubit error correc-
tion code, to the 9-qubit quantum error correction code
developed by Shor rely on the successive application of
entangler gates relating various possible quantum states.
While the 3-qubit code cannot simultaneously correct
both for bit and phase flips, the 9-qubit code can and is
therefore considered to be truly quantum. The quantum
error correction mechanism generates a series of redun-
dancies by coupling ancillas to the original code. Those
are generally constructed such that they detect whether
an error has occurred and correct it.
The 3-qubit code is capable of encoding one single logi-
cal qubit into three physical qubits such that it automat-
ically can correct for a single bit flip. The basis states
for the logical qubit are defined as
|0〉L = |000〉 , |1〉L = |111〉 (6)
Given an arbitrary qubit state |ψ〉 = α |0〉+β |1〉 we may
represent it in this basis as
|ψ〉 = α |0〉+ β |1〉 →
→ α |0〉L + β |1〉L = α |000〉+ β |111〉 = |ψ〉L
(7)
A single logical qubit can be encoded by initialising two
ancilla qubits and two CNOT gates. Two additional an-
cilla qubits are used to extract the syndrome information
regarding possible errors from the data block without be-
ing able to identify the exact state of any qubit. The
correction procedure introduces two ancilla qubits again
and performs a sequence of CNOT gates checking the
parity of the three qubit data block. It is obvious that
3in order to identify and correct the errors in the logical
qubit state, there appears to be a requirement for a spe-
cial type of redundancy related to entanglement. The
distribution of the logical information over the entangled
qubits is found in the construction of a torus from spaces
of smaller topological complexity. Compactification on
a genus-one torus is the simple case to be considered
here, and hence the Mayer-Vietoris theorem will be used
on such a torus. However, Calabi-Yau compactification
may reveal new insights on the connection between the
emergence of gauge fields and quantum error correction
codes. Indeed, the study of Calabi-Yau compactification
from the perspective of the Mayer-Vietoris theorem with
the focus on the type of emerging entanglement will be
the subject of a future article. For our torus, the Mayer
Vietoris theorem states that the cohomology of a com-
plicated space may be described in terms of simpler sub-
spaces defined on the original space provided one takes
into account the way the intersection of these subspaces
map both in the simple subspaces and in the large re-
sulting space itself. The Mayer-Vietoris theorem for the
most general case can simply be stated in terms of a long
exact sequence
...→ Hn+1(X) ∂∗−→ Hn(A ∩B) (i∗,j∗)−−−−→ Hn(A)⊕Hn(B) k∗−l∗−−−−→ Hn(X) ∂∗−→ Hn−1(A ∩B)→
...→ H0(A)⊕H0(B) k∗−l∗−−−−→ H0(X)→ 0
(8)
The original space X is split into the topologically sim-
pler subspaces A and B with their topology determined
by the respective groups Hn(A) and Hn(B). The co-
homology of the intersection of the simpler subspaces is
Hn(A∩B) and finally, the direct sum of the cohomology
of the two subspaces partially encodes the whole torus.
The definition of the maps arising in this long exact se-
quence is the same as in [1] and the long exact sequence,
when particularised to a finite dimensional torus will only
contain the subsequences corresponding to the relevant
internal dimensions. What is however important here is
the Mayer-Vietoris map
Hn(A ∩B) (i∗,j∗)−−−−→ Hn(A)⊕Hn(B) (9)
where (i∗, j∗) is induced in homology by the inclusions
i : A ∩ B →֒ A and j : A ∩ B →֒ B. This map is not an
isomorphism, neither when acting on the original space,
nor when acting on homologies [1]. It has been shown
that this map generates a Hadamard gate when a global
twist in the torus is introduced. It has also been shown in
[1] that the next map, (k∗ − l∗) introduces an additional
twist on the torus compensating for the one introduced
by the first inclusion map. While the first inclusion map
plays the role of the Hadamard gate, the second one plays
the role of CNOT, resulting in an untwisted torus with
an entanglement structure on it. It is clear that twist
operators play a particularly important role in making
the intrinsic entanglement of the torus manifest. Indeed,
it has been shown in [1] that this step represents the
formal interpretation of the ER-EPR duality. The fact
that a certain form of redundancy found in quantum error
correction codes may be equated with gauge invariance
has been observed in [2]. In the theory studied here,
namely supergravity, we have the gauge transformations
given by the Lie derivatives
LλV
µ = λj∂jV
i − V j∂jλi (10)
as acting on the vector V µ. In addition to this we have
the gauge transformations of the 2-form
bij → bij + ∂iλ˜j − ∂j λ˜i (11)
In the effective theory, with V i = (vˆµ(x), u ma (y)vˆ
a(x))
the gauge transformation becomes
LλV
µ = ǫˆv∂ν vˆ
µ − vˆν∂ν ǫˆµ = Lˆǫˆvˆµ (12)
In therms of the twist coefficients we have
LλV
m = uma LˆλˆVˆ
a (13)
and we can gauge the resulting transformation
Lˆ
λˆ
Vˆ a = L
λˆ
Vˆ a + f abc Λˆ
bvˆc (14)
The contribution to this gauged transformation comes
from the combination of twist matrices given by
f cab = u
m
a ∂mu
n
b u
c
n − umb ∂munaucn (15)
These objects are known as geometric fluxes. One im-
poses the constraint that they are constant in the ex-
ternal coordinates. They are also called metric fluxes
as they correspond to the background fluxes of the met-
ric. On the other side, uam(y) corresponds to the internal
coordinate dependence of the metric. In a shorthand no-
tation and following [4] we can write them as
fabc = 3(∂[avbc] + f
d
[abvc]d)
f cab = u
m
a ∂mu
n
b u
c
n − u mb ∂mu na ucn
(16)
4and the rest, namely f bca = 0, f
abc = 0. Compactifica-
tion on a torus with vanishing background of the 2-form
corresponds to uam = δ
a
m and vab = 0 [4] which leads
to fabc = 0 and hence an ungauged theory. With the
twists turned on and depending on the internal coordi-
nate we can make a choice such that fabc 6= 0 which leads
to a non-abelian gauge theory and possibly a cosmolog-
ical constant term. But the twist matrices are precisely
those matrices defined on the torus and depending on
the internal coordinates. Their choice is not determined
when the torus is already formed, but they must be con-
strained whenever we intend to form a torus from sur-
faces of lower complexity. In fact, these twist matrices
are determined from the choices required in the Mayer-
Vietoris theorem. Moreover, their non-trivial nature is
precisely equivalent to the demand that the two relevant
maps in the Mayer-Vietoris sequence lead to entangle-
ment. Heuristically, the simple surfaces that need to be
patched together require an initial twist that would gen-
erate what is interpreted in quantum information theory
as the Hadamard gate generating the state
|0〉 → 1√
2
(|0A〉+ |1B〉) (17)
and finally another twist that would compensate for the
first one that would be associated with the CNOT oper-
ation on the lower qubit leading, via direct product, to
the entangled state. Indeed, a similar procedure can be
found in the Scherk-Schwarz compactification prescrip-
tion where the original dependence on the original coordi-
nates is explicitly eliminated at the end of the procedure
in order to preserve Lorentz invariance on the external
directions, yet, the twist remains and has an impact on
the internal coordinates, playing the role of structure-like
constants in the effective theory. Indeed, this strongly
suggests that the non-abelian nature of effective field
theories emerges from topological entanglement at the
level of high energy geometry and topology. As a conclu-
sion, I noticed in this paper that the non-abelian gauge
symmetry structure is related to high energy supergrav-
ity entanglement and that the Mayer-Vietoris derivation
of the ER-EPR duality allows us to better understand
the source of non-abelian gauge invariance in a geomet-
ric flux environment. This work is at its first stages.
Understanding the structure of entanglement via similar
methods in the context of Calabi-Yau manifolds would
result in an improved understanding of the string vacua
problem as well as a possible understanding on how the
cosmological constant could emerge from string theoret-
ical arguments. The same analysis can be considered in
non-geometrical backgrounds by replacing our supergrav-
ity with a double field theory. In this context T-duality
will be explicitly considered and will result in various al-
terations of the way in which Mayer-Vietoris sequences
are applied. One has to consider the non-Riemannian
nature of the geometry involved as well as the fact that
the patching between subspaces must be done by means
of maps that incorporate T-duality. This will be the sub-
ject of a future research. The main result of this paper,
namely that non-abelian gauge theories have their origin
in toroidal (bipartite) entanglement for the compactifica-
tion geometry in the Scherk-Schwarz context is new and
may provide novel research directions in the future.
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